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AUTOMORPHISMS OF ODD COXETER GROUPS
TUSHAR KANTA NAIK AND MAHENDER SINGH
Abstract. An odd Coxeter group W is one which admits a Coxeter system (W,S) for which all the
exponents mij are either odd or infinity. The paper investigates the family of odd Coxeter groups
whose associated labeled graphs V(W,S) are trees. We determine the structure of the commutator
subgroups of groups in this family. It is known that two Coxeter groups in this family are isomorphic
if and only if they admit Coxeter systems having the same rank and the same multiset of finite
exponents. In particular, each group in this family is isomorphic to a group that admits a Coxeter
system whose associated labeled graph is a star shaped tree. We give the complete description of
the automorphism group of this group. As a consequence, it follows that the Coxeter groups in this
family satisfy the R∞-property and are (co)-Hopfian. We conclude with a comparison of a special
odd Coxeter group whose only finite exponent is three with the braid group and the twin group.
1. Introduction
A group W is called a Coxeter group if it admits a presentation of the form
〈
S | R
〉
, where
S = {wi | i ∈ Π} is the set of generators and
(1.0.1) R =
{
(wiwj)
mij | mij ∈ N ∪ {∞}, mij = mji, mij = 1⇔ i = j
}
is the set of defining relations. Such a generating set S is called a Coxeter generating set for W ,
and the pair (W,S) is called a Coxeter system. We refer to mij ’s, i 6= j, as exponents of the Coxeter
system (W,S). The cardinality of the set S is called the rank of the Coxeter system (W,S). We
consider only Coxeter systems of finite rank. In general, the Coxeter system (W,S) is not uniquely
determined by the group W . For example, the dihedral group D2(2n) of order 4n, where n ≥ 3 is
an odd integer, has different Coxeter presentations as〈
r, s | r2 = s2 = (rs)2n = 1
〉
∼= D4n ∼=
〈
x, y, z | x2 = y2 = z2 = (xy)2 = (xz)2 = (yz)n = 1
〉
.
Graphs are indispensable tools in the study of Coxeter groups and there are several ways to associate
graphs to a Coxeter system. Given a Coxeter system (W,S) let Γ(W,S) be the edge-labeled graph
whose vertex set is the index set Π of elements of S and there is an edge between the vertices i and
j whenever the exponent mij ≥ 3. Further, the edge between i and j is labelled by mij whenever
mij ≥ 4. The Coxeter system (W,S) is said to be irreducible if the graph Γ(W,S) is connected. For
each subset I ⊆ S, the subgroup
WI =
〈
wi | wi ∈ I
〉
of W is called a standard parabolic subgroup. It is well-known that WI is itself a Coxeter group. A
conjugate of a standard parabolic subgroup is called a parabolic subgroup. If the graph Γ(W,S) is
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disconnected, then the Coxeter group W is the direct product of its standard parabolic subgroups
corresponding to each connected component of the graph Γ(W,S).
Existence of multiple Coxeter systems (W,S) and hence multiple graphs Γ(W,S) to a given Coxeter
group W led to the following well-known isomorphism problem for finite rank Coxeter groups.
Problem 1.1. Given Coxeter graphs Γ(W1,S1) and Γ(W2,S2), determine whether the Coxeter groups
W1 and W2 are isomorphic.
We refer the monograph [2] and the survey articles [29, 32] for more details on this problem. A
more general problem [29, Problem 2] is
Problem 1.2. Given Coxeter graphs Γ(W1,S1) and Γ(W2,S2), find all isomorphisms between the
groups W1 and W2.
A solution to Problem 1.2 is equivalent to a solution to Problem 1.1 and a description of the au-
tomorphism group of W for any Coxeter system (W,S). Study of automorphism group of Coxeter
groups have a long and rich history. Tits [36] showed that if the graph Γ(W,S) contains no trian-
gles, then Aut(W ) is the semi-direct product of Inn(W ) and Aut(F ), where F is the groupoid of
commuting subsets of S relative to symmetric difference.
A Coxeter group is called graph-universal or right angled if all the exponents mij ∈ {2,∞}. The
automorphism group Aut(W ) of a Coxeter groupW acts on the set of conjugacy classes of involutions
in W and the kernel Spe(W ) of this action is referred as the group of special automorphisms of W .
If W is right angled, using ideas from [36], Mu¨hlherr [27] gave a presentation for Spe(W ) in terms
of natural generators. Automorphism groups of certain right angled Coxeter groups, called twin
groups, have been determined in [20, 33].
There is another labeled graph V(W,S) associated to a Coxeter system (W,S) whose vertex set is
the index set Π of elements of S and there is an edge between the vertices i and j if and only if
mij < ∞. Further, the edge between i and j is labelled by mij whenever mij 6= 3. If the graph
V(W,S) is disconnected, then W is a free product of its standard parabolic subgroups corresponding
to each connected component of the graph V(W,S).
An even Coxeter group is one where all the exponents mij are either even or infinite. In [1], Bahls
computed Aut(W ) for any even Coxeter group whose graph V(W,S) is connected, contains no edges
labeled 2, and cannot be separated into more than 2 connected components by removing a single
vertex. In [14, 13], automorphism groups of Coxeter groups of rank 3 are completely determined.
Automorphisms of infinite Coxeter groups of rank n having a finite parabolic subgroup of rank
(n − 1) are investigated in [15].
Each permutation α of Π which is an automorphism of the graph Γ(W,S) extends uniquely to an
automorphism of the group W . Such an automorphism is called a graph automorphism, and the
set of all graph automorphism forms a subgroup Aut
(
Γ(W,S)
)
of Aut(W ). A Coxeter group W is
called rigid if for any two Coxeter systems (W,S) and (W,S′) the graphs Γ(W,S) and Γ(W,S′) are
isomorphic. If W is a rigid Coxeter groups such that Γ(W,S) is a complete graph with only odd edge
labels, then it is shown in [35] that Aut(W ) is the semi-direct product of Inn(W ) and the group of
graph automorphisms Aut
(
Γ(W,S)
)
.
We say that a Coxeter system (W,S) is odd if all the exponents mij’s are either odd or infinite. An
odd Coxeter group W is one which admits an odd Coxeter system. Odd Coxeter groups lie in the
more general family of groups of large type where each exponent is at least three. We call a Coxeter
system (W,S) connected if the graph V(W,S) is connected. As noted earlier, if the graph V(W,S)
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is disconnected, then W is the free product of its standard parabolic subgroups corresponding to
connected components of V(W,S). Further, the graph Γ(W,S) of an odd Coxeter group is always a
complete graph containing V(W,S) as its subgraph.
In this paper, we focus on the family W of Coxeter groups that admit an odd connected Coxeter
system of rank greater than one, and we would always work with such a system unless mentioned
otherwise. Let T W denote the subfamily ofW consisting of groupsW that admit an odd connected
Coxeter system (W,S) for which the graphs V(W,S) are trees. Solution of Problem 1.1 for the family
T W is known due to [28, 7], wherein it is proved that two groups in T W are isomorphic if and
only if they have odd connected Coxeter systems of the same rank and the same multiset of finite
exponents.
The paper is organised as follows. After the preliminary Section 2, in Section 3, we determine the
precise structure of the commutator subgroup of a Coxeter group in the family T W (Theorem 3.4).
In Section 4, we give the complete description of the automorphism group of a group W ∈ T W
of given rank and given multiset of odd exponents such that its associated graph V(W,S) is a star
shaped tree (Theorem 4.7). Solution of Problem 1.1 for the family T W due to [28, 7] and Theorem
4.7 then give a complete solution of Problem 1.2 for the family T W. We also give a condition for
the splitting of the natural short exact sequence
1→ Inn(W)→ Aut(W)→ Out(W)→ 1
of automorphism groups (Theorem 4.12). In the last Section 5, as applications of the preceding
sections, we prove that groups in the family T W satisfy the R∞-property (Theorem 5.6) and are
(co)-Hopfian (Theorem 5.7). The section discusses a special Coxeter group Ln ∈ T W whose only
finite exponent is three and is closely related to the well-known braid group Bn and the twin group
Tn, the planar analogue of Bn. We compare automorphism groups, R∞-property and (co)-Hopfianity
of Ln, Bn and Tn.
2. Preliminaries
We begin by setting some notations. For a group G, we denote its center, commutator subgroup,
group of automorphisms, group of inner automorphisms and group of outer automorphisms by Z(G),
G′, Aut(G), Inn(G) and Out(G), respectively. For elements x, y ∈ G, the commutator x−1y−1xy of
x and y is denoted by [x, y]. The centraliser of an element x ∈ G is denoted by CG(x). We denote
the element y−1xy by xy and the inner automorphism induced by x by x̂. Cyclic group of order n is
denoted by Z/nZ and the multiplicative group of integers mod n that are coprime to n is denoted
by Un. The symmetric group on n ≥ 2 symbols is denoted by Sn and the dihedral group of order
2n is denoted by D2n.
We now recall some well-known results on Coxeter groups beginning with the universal property.
Lemma 2.1. Let (W,S) be a Coxeter system and G be an arbitrary group. Let f : S → G be a
map such that
(
f(si)f(sj)
)mij = 1 for all si, sj ∈ S with mij < ∞. Then f extends uniquely to a
homomorphism from W to G.
Let (W,S) be a Coxeter system. Each element w ∈W can be written as a product of generators
w = wi1wi2 . . . wik .
The minimal k among all such expressions for w is called the length of w and we denote it by ℓ(w).
The following result about involutions in Coxeter groups will be useful [29, p. 4].
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Lemma 2.2. Let (W,S) be a Coxeter system and w ∈W an involution. Then there exists a finite
parabolic subgroup WJ and element x ∈ Z(WJ ) with ℓ(x) > ℓ(x
′) for all x 6= x′ ∈ WJ such that
w = yxy−1 for some y ∈W .
The next result gives relation between the group of inner automorphisms and the group of graph
automorphisms of infinite Coxeter groups [12, p. 34, Lemma 2.14].
Lemma 2.3. Let W be an infinite Coxeter group with no finite irreducible components and (W,S)
its Coxeter system. Then
Aut
(
Γ(W,S)
)
∩ Inn(W ) = 1.
An automorphism of W is called inner-by-graph if it can be written as a product of an inner
automorphism and a graph-automorphism. The following result about center of a Coxeter group is
well-known [6, p. 137].
Lemma 2.4. The center of an infinite irreducible Coxeter group is trivial.
As an immediate consequence, we have
Corollary 2.5. If W ∈ W, then Z(W ) = 1.
Proof. If W is of rank two, then W ∼= D2m for some odd integer m ≥ 3, in which case Z(W ) = 1.
It follows from [5, p.22, Exercise 4] that if rank of W is greater than two, then W is infinite. Since
W is irreducible, the assertion now follows from Lemma 2.4. 
We need the following result concerning centralisers of Coxeter generators, which is a special case
of [8, Theorem, p. 466].
Lemma 2.6. Let W ∈ T W and (W,S) its Coxeter system. Then the centraliser CW (wi) is a
Coxeter group for each wi ∈ S.
3. Commutator subgroups of groups in T W
We begin with the following basic result concerning commutator subgroups of groups in the family
W.
Lemma 3.1. Let W ∈ W be a Coxeter group. Then w = wi1wi2 · · ·wik ∈ W
′ if and only if k is
even. Moreover
W =W ′ ⋊ 〈wi〉 ∼=W
′ ⋊ Z/2Z,
where wi ∈ S is any Coxeter generator.
Proof. It is obvious that if w ∈ W ′, then k is even. For the converse, it suffices to show that any
word of length two lies in W ′. Let wiwj , where i 6= j, be a word of length two. Since the graph
V(W,S) is connected, there is a path from i to j. Let us represent such a path by the sequence of
vertices i = t1, t2, . . . , tl = j, where l ≥ 2, such that there is an edge between tk and tk+1 for each
k. Then we can write
wiwj = (wt1wt2)(wt2wt3) · · · (wtl−1wtl).
We would be done if we show that each word wtkwtk+1 ∈W
′. Since there is an edge between tk and
tk+1, there exists an odd positive integer m ≥ 3 such that mtk tk+1 = m. This gives the relation
(wtkwtk+1)
m = 1 in W , and consequently
wtkwtk+1 = (wtk+1wtk)
m−1 = (wtk+1wtkwtk+1wtk)
m−1
2 = [wtk+1 , wtk ]
m−1
2 ∈W ′.
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It follows from the first assertion that the index of W ′ in W is two. For any generator wi ∈ S, we
have W ′ ∩ 〈wi〉 = 1 and W = W
′〈wi〉. This shows that W is the semi-direct product of W
′ with
the cyclic group 〈wi〉 of order two. 
Lemma 3.2. Let W ∈ W be a Coxeter group. Then any two involutions in W are conjugate.
Proof. Let S = {w1, w2, . . . , wn}. Since the graph V(W,S) is connected, there is a path between any
two vertices i and j. Represent such a path by the sequence of vertices i = t1, t2, . . . , tl = j, where
l ≥ 2, such that there is an edge between tk and tk+1 for each k labeled mtk tk+1 = mk for some
odd positive integer mk ≥ 3. Thus, (wtkwtk+1)
mk = 1, which gives
wtk = (wtk+1wtk)
mk−1
2 wtk+1(wtkwtk+1)
mk−1
2 = w
(wtkwtk+1)
mk−1
2
tk+1
.
This show that wtk and wtk+1 are conjugate for each k, and hence wi and wj are conjugate.
To prove the lemma, it now suffices to show that if w is an involution, then w is conjugate to
some generator wi. By Lemma 2.2, it follows that w is conjugate to some central element of some
finite parabolic subgroup which is also of maximal length in that parabolic subgroup. By [5, p.22,
Exercise 4], all finite parabolic subgroups of W are of rank one or two. A finite rank two parabolic
subgroup is isomorphic to a dihedral group D2m for some odd integer m ≥ 3, which has trivial
center. A rank one parabolic subgroup is of the form 〈wi〉
x for some 1 ≤ i ≤ n and x ∈ W , where
the only non-trivial element is wxi . Thus, w is conjugate to wi. 
Since all involutions in W ∈ W forms a single conjugacy class, we obtain the following corollary.
Corollary 3.3. If W ∈ W, then Spe(W ) = Aut(W ).
We now present the main result of this section.
Theorem 3.4. Let W ∈ T W and (W,S) be its odd connected Coxeter system of rank n with{
m1,m2, . . . ,mn−1
}
as its multiset of finite exponents. Then
W ′ ∼=
(
Z/m1Z
)
∗
(
Z/m2Z
)
∗ · · · ∗
(
Z/mn−1Z
)
.
Proof. Let S = {w1, w2, . . . , wn}. We use the Reidemeister-Schreier method to determine the struc-
ture of W ′. By Lemma 3.1, we can take T = {1, w1} as the Schreier transversal set. Note that W
′
is the set of all even length words and the coset w1W
′ is the set of all odd length words. For each
w ∈W , let w denote the coset representative of w. Then, by [24, Theorem 2.6], W ′ is generated by
the set {
γ(λ,wi) = (λwi)(λwi)
−1 | λ ∈ T and wi ∈ S
}
with defining relations{
τ(λrλ−1) | λ ∈ T and r is a defining relation inW
}
,
where τ is Reidemeister’s transformation. More precisely, for a given word w = wi1wi2 · · ·wik ∈W ,
we have
τ(w) = γ(1, wi1)γ(wi1 , wi2) · · · γ(wi1wi2 · · ·wit−1 , wit) · · · γ(wi1wi2 · · ·wik−1 , wik)
=
{
γ(1, wi1)γ(w1, wi2)γ(1, wi3)γ(w1, wi4) · · · γ(1, wik−1)γ(w1, wik) if k is even,
γ(1, wi1)γ(w1, wi2)γ(1, wi3)γ(w1, wi4) · · · γ(w1, wik−1)γ(1, wik ) if k is odd.
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We now compute the generators γ(λ,wi) explicitly. A direct check yields
γ(1, w1) = w1(w1)
−1 = w1w1 = 1,
γ(w1, w1) = w1w1(w1w1)
−1 = 1,
and
γ(1, wi) = wi(wi)
−1 = wiw1,
γ(w1, wi) = w1wi(w1wi)
−1 = w1wi = (wiw1)
−1
for 2 ≤ i ≤ n. Hence, W ′ is generated by the set A =
{
w1w2, w1w3, . . . , w1wn
}
.
Next, we replace the generating set A by another generating set whose elements will correspond to
edges of the graph V(W,S). Since V(W,S) is a tree on n vertices, there must be exactly n − 1 edges.
Consider the metric d on V(W,S) given by
d(i, j) = Number of edges in the unique path from i to j.
We denote these n−1 edges by the ordered pairs (i1, j1), (i2, j2), . . . , (in−1, jn−1), where d(1, jk) =
d(1, ik)+1 for 1 ≤ k ≤ n−1. Let B = {wikwjk | 1 ≤ k ≤ n−1}. Note that wikwjk = wikw1w1wjk =
(w1wik)
−1(w1wjk) for each 1 ≤ k ≤ n − 1. On the other hand, each element w1wk ∈ A can be
written in terms of elements of B via the unique path joining the vertex 1 to the vertex k in V(W,S).
Thus, we can replace the generating set A of W ′ by the set B. We illustrate the construction in
Figure 1, where the generating set is B = {w1w3, w1w6, w1w7, w1w5, w5w8, w5w4, w4w2}.
8
2
5 1
4
3
7
6 Figure 1.
We now come back to the main track of the proof. For simplicity of notation, we denote each finite
exponent mikjk by mk, which is also the order of wikwjk . Thus, the defining relations of W can now
be written as
w2i = 1 for 1 ≤ i ≤ n and
(wikwjk)
2mk+1 = 1 for 1 ≤ k ≤ n− 1.
Next we find the defining relations of W ′. Using Reidemeister’s transformation, we get
τ(1w1w11) = τ(w1w1) = γ(1, w1)γ(w1, w1) = 1,
τ(1wiwi1) = τ(wiwi) = γ(1, wi)γ(w1, wi) = (wiw1)(w1wi) = 1 for i ≥ 2,
τ(w1w1w1w1) = γ(1, w1)γ(w1, w1)γ(1, w1)γ(w1, w1) = 1,
τ(w1wiwiw1) = γ(1, w1)γ(w1, wi)γ(1, wi)γ(w1, w1) = (w1wi)(wiw1) = 1 for i ≥ 2,
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τ
(
1 (wikwjk)(wikwjk) · · · (wikwjk)︸ ︷︷ ︸
mk times
1
)
=
(
γ(1, wik )γ(w1, wjk)
)(
γ(1, wik )γ(w1, wjk)
)
· · ·
(
γ(1, wik )γ(w1, wjk)
)︸ ︷︷ ︸
mk times
=
(
(wikw1)(w1wjk)
)mk ,
and
τ
(
w1 (wikwjk)(wikwjk) · · · (wikwjk)︸ ︷︷ ︸
mk times
w1
)
= γ(1, w1)
(
γ(w1, wik)γ(1, wjk )
)
· · ·
(
γ(w1, wik)γ(1, wjk)
)︸ ︷︷ ︸
mk times
γ(w1, w1)
=
(
γ(w1, wik)γ(1, wjk)
)
· · ·
(
γ(w1, wik)γ(w1, wjk)
)︸ ︷︷ ︸
mk times
=
(
(w1wik)(wjkw1)
)mk .
We now write (wikw1)(w1wjk) and (w1wik)(wjkw1) as product of elements of the new generating set
B. Denote the unique path from 1 to ik by the sequence 1 = t1, t2, . . . , tl = ik. Then, by the choice
of labelling ik and jk, the unique path from 1 to jk is given by the sequence 1 = t1, t2, . . . , tl =
ik, tl+1 = jk. Note that each wtswts+1 ∈ B. We write
w1wik = (wt1wt2) · · · (wtl−1wtl) and
wjkw1 = (wtl+1wtl)(wtlwtl−1) · · · (wt2wt1).
This gives
(w1wik)(wjkw1) = (wt1wt2) · · · (wtl−1wtl)(wtl+1wtl)(wtlwtl−1) · · · (wt2wt1)
= (wtl+1wtl)
(wtlwtl−1)···(wt2wt1)
= (wjkwik)
(wtlwtl−1 )···(wt2wt1)
=
(
(wikwjk)
−1
)(wtlwtl−1)···(wt2wt1).
Similarly, we can write
(wikw1)(w1wjk)
= (wtlwtl−1)(wtl−1wtl−2) · · · (wt3wt2)(wt2wt1)(wt1wt2)(wt2wt3) · · · (wtl−2wtl−1)(wtl−1wtl)(wtlwtl+1)
= (wtlwtl−1)(wtl−1wtl)(wtlwtl+1)
= wikwjk .
Thus, we have relations
((
(wikwjk)
−1
)(wtlwtl−1)···(wt2wt1))mk = 1 and (wikwjk)mk = 1 in W ′.
Setting xk := wikwjk for 1 ≤ k ≤ n− 1, we have shown that
W ′ =
〈
x1, x2, . . . , xn−1 | x
mk
k = 1 for all 1 ≤ k ≤ n− 1
〉
.
In other words,
W ′ ∼=
(
Z/m1Z
)
∗
(
Z/m2Z
)
∗ · · · ∗
(
Z/mn−1Z
)
,
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which completes the proof. 
Remark 3.5. Theorem 3.4 gives the structure of W ′ for W ∈ T W and Lemma 3.1 shows that
W = W ′ ⋊ 〈wi〉 for any generator wi ∈ S. In fact, we can determine the precise action of 〈wi〉 on
W ′. As in the proof of Theorem 3.4, W ′ is generated by the set
B =
{
wiwj | there is an edge between the vertices i and j
}
.
Thus, it is enough to understand the action of 〈w1〉 on each generator wiwj . Since V(W,S) is a
tree, by the choice of labelling, there is a unique path from the vertex 1 to the vertex j, say,
1 = t1, t2, . . . , tl = j, where tl−1 = i. Then we have
w1wi = (wt1wt2)(wt2wt3) · · · (wtl−2wtl−1) and
wjw1 = (wtlwtl−1)(wtl−1wtl−2) · · · (wt2wt1).
This gives the action of 〈w1〉 on wiwj as
(wiwj)
w1 = (wt1wt2)(wt2wt3) · · · (wtl−2wtl−1)(wtlwtl−1)(wtl−1wtl−2) · · · (wt2wt1).
In the special case when the graph V(W,S) is star shaped, by Theorem 3.4, we have
W ′ = 〈w1w2, w1w3, . . . , w1wn | (w1wk)
mk = 1 for all 2 ≤ k ≤ n〉.
In this case, the action of w1 on w1wi is given by
(w1wi)
w1 = (w1wi)
−1.
We can extend Theorem 3.4 to groups in the family W.
Remark 3.6. First, we note a general fact that if G is a group with presentation 〈X | R〉, A ⊆ G
and N(A) the normal closure of A in G, then the group G/N(A) has a presentation 〈X | R ∪A〉.
Let W ∈ W admit an odd connected Coxeter system (W,S) with S = {w1, w2, . . . , wn} such that
the graph V(W,S) has (n− 1 + k) edges, where k ≥ 1. Let V̂(W,S) be a maximal tree in V(W,S) which
is obtained by removing an appropriately chosen set
{
(s1, t1), (s2, t2), . . . , (sk, tk)
}
of k edges from
V(W,S). Let Ŵ ∈ T W be the Coxeter group associated to V̂(W,S). Then we note that
• W ∼=
〈
Ŵ | (wsuwtu)
msutu , 1 ≤ u ≤ k
〉
,
• W ∼= Ŵ/N(A), where A =
{
(wsuwtu)
msutu | 1 ≤ u ≤ k
}
,
• N(A) ≤ Ŵ ′ and W ′ ∼= Ŵ ′/N(A).
Let the edges of the tree V̂(W,S) be
{
(i1, j1), (i2, j2), . . . , (in−1, jn−1)
}
. Then, by Theorem 3.4, we
have
Ŵ ′ =
〈
x1, x2, . . . , xn−1 | x
miljl
l = 1 for all 1 ≤ l ≤ n− 1
〉
,
where xl = wilwjl for each 1 ≤ l ≤ n− 1.
Now, to obtain the presentation ofW ′, we write the elements of the set
{
(wsuwtu)
msutu | 1 ≤ u ≤ k
}
in terms of {x1, x2, . . . , xn−1}. Since V̂(W,S) is a tree, for each 1 ≤ u ≤ k, there exists a unique path
from su to tu. As in the proof of Lemma 3.1, we can uniquely write
wsuwtu = x
ǫ1
l1
xǫ2l2 . . . x
ǫr
lr
,
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where l1, . . . , lr ∈ {1, 2, . . . , n− 1} are all distinct and ǫ1, . . . , ǫr ∈ {1,−1}. Thus, we obtain
W ′ =
〈
x1, x2, . . . , xn−1 | x
miljl
l = 1 =
(
xǫ1l1 x
ǫ2
l2
. . . xǫrlr
)msutu
for 1 ≤ l ≤ n− 1 and 1 ≤ u ≤ k
〉
,
which is desired.
Example 3.7. We illustrate Remark 3.6 by an example. Consider the Coxeter groupW ∈ W, such
that it’s associated graph V(W,S) is as in Figure 2.
1 4 2 7
3 6 5
11 13 15
17
19
21 23 25
Figure 2.
After removing the edges between the pair of vertices (4, 6) and (5, 7), we get the tree as in Figure
3. Let Ŵ ∈ T W be the corresponding Coxeter group.
1 4 2 7
3 6 5
11 13 15
17
19
23
Figure 3.
By Theorem 3.4, we have
Ŵ ′ =
〈
w1w4, w1w3, w3w6, w4w2, w2w5, w2w7 |
(w1w4)
11 = (w1w3)
17 = (w3w6)
19 = (w4w2)
13 = (w2w7)
15 = (w2w5)
23 = 1
〉
.
Note that W ∼= Ŵ/N , where N is the normal closure of
〈
(w4w6)
21, (w5w7)
25
〉
in Ŵ . It is easy
to check that w4w6 = (w1w4)
−1(w1w3)(w3w6) and (w5w7) = (w2w5)
−1(w2w7). This, in particular,
implies that
〈
(w4w6)
21, (w5w7)
25
〉
≤ Ŵ ′. Now, we have following presentation of W ′
W ′ =
〈
w1w4, w1w3, w3w6, w4w2, w2w5, w2w7 | (w1w4)
11 = (w1w3)
17 = (w3w6)
19 =
(w4w2)
13 = (w2w7)
15 = (w2w5)
23 = 1 =
(
(w1w4)
−1(w1w3)(w3w6)
)21
=
(
(w2w5)
−1(w2w7)
)25〉
.
Since the commutator subgroup of a group is characteristic, each automorphism of the group induces
an automorphism of its commutator subgroup. We conclude this section with the following general
result.
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Proposition 3.8. If W ∈ T W has rank greater than two, then the restriction map Aut(W ) →
Aut(W ′) is injective.
Proof. Let S = {w1, w2, . . . , wn}, n ≥ 3, be a Coxeter generating set of W . Let φ be in the
kernel of the restriction map Aut(W ) → Aut(W ′). Suppose that φ(w1) = x, an involution in W .
For each 2 ≤ i ≤ n, since w1wi ∈ W
′, we have φ(w1wi) = w1wi, which gives φ(wi) = xw1wi.
Since wiw1 = φ(wiw1) = xw1wix, we obtain w1wi = w1x(w1wi)xw1 = (w1wi)
xw1 . This implies
that xw1 ∈ CW (w1wi) for each 2 ≤ i ≤ n. Since x is an involution, by Lemma 3.2, it must
be of odd length. Thus, xw1 is of even length, and hence xw1 ∈ W
′
n. Thus, xw1 ∈ CW ′(w1wi)
for each 2 ≤ i ≤ n. By Theorem 3.4, the set {w1w2, w1w3, . . . , w1wn} generates W
′, and hence
xw1 ∈ Z(W
′) = 1. This implies that w1 = x = φ(w1), and consequently φ(wi) = wi for all i. Hence,
φ must be the trivial automorphism of W . 
As a consequence of Lemma 2.5, Theorem 3.4 and Proposition 3.8, we obtain the following result.
Corollary 3.9. Let W ∈ T W and (W,S) be its odd connected Coxeter system of rank n ≥ 3 whose
multiset of finite exponents is
{
m1, . . . ,mn−1
}
. Then there is a faithful representation
W →֒ Aut
(
(Z/m1Z) ∗ · · · ∗ (Z/mn−1Z)
)
.
4. Automorphisms of groups in T W
In this section, we compute the automorphism group of groups in the family T W. This together
with a solution of Problem 1.1 due to [28, p.1] and [7, Theorem 5.4] provides a solution of Problem
1.2 for this family. By [28, 7] two groups in the family T W are isomorphic if and only if they
have the same rank and the same multiset of finite exponents. Thus, it is enough to compute the
automorphism group of any group in an isomorphism class. The full automorphism group and the
inner automorphism group will be the same for each group in an isomorphism class, but the group
of graph automorphisms may change depending on the graph. In view of Lemma 2.3, the larger the
group of graph automorphisms, the simpler it is to compute the full automorphism group.
4.1. Computation of the automorphism group. We choose an appropriate group in the family
T W for computing the automorphism group. Since rank two Coxeter groups are dihedral groups
whose automorphism groups are well-known, we can assume that our group has rank greater than
two. Consider the group W with the following presentation
(4.1.1) W =
〈
w1, w2, . . . , wn | w
2
j = 1 = (w1wi)
ti , 1 ≤ j ≤ n, 2 ≤ i ≤ n
〉
,
where
ti =

m1 if 2 ≤ i ≤ k1 + 1,
m2 if k1 + 2 ≤ i ≤ k1 + k2 + 1,
...
ml if k1 + k2 + · · ·+ kl−1 + 2 ≤ i ≤ k1 + k2 + · · ·+ kl + 1 = n.
Setting S = {w1, w2, . . . , wn}, we see that the graph V(W,S) is the star shaped graph with n vertices
as in Figure 4.
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1
2
3
4
5
n-1
n
.
.
.
t2
t3
t4
t5
tn−1
tn
Figure 4.
Divide the set {2, 3, . . . , n} into l mutually disjoint subsets as follows
Ai =

{2, 3, . . . , k1 + 1} if i = 1,
{k1 + 2, k1 + 3, . . . , k1 + k2 + 1} if i = 2,
...
{k1 + k2 + · · ·+ kl−1 + 2, k1 + k2 + . . .+ kl−1 + 3, . . . , k1 + k2 + · · ·+ kl + 1} if i = l.
By Corollary 2.5, it follows that Inn(W) ∼=W. The following result characterises Aut
(
Γ(W,S)
)
.
Lemma 4.1. Aut
(
Γ(W,S)
)
∼= Sk1 × Sk2 × · · · × Skl.
Proof. First note that the graph V(W,S) is a subgraph of the complete graph Γ(W,S). Further, any
automorphism of Γ(W,S) gives a unique automorphism of V(W,S), and any automorphism of V(W,S)
extends uniquely to an automorphism of Γ(W,S). Thus, Aut
(
Γ(W,S)
)
∼= Aut
(
V(W,S)
)
.
We see that any permutation of Π = {1, 2, . . . , n} which extends to an automorphism of V(W,S)
necessarily fixes the vertex 1. Due to the labellings on the edges, it follows that a permutation of Π
which takes an element of Ai to an element of Aj for i 6= j cannot be extended to an automorphism
of the graph V(W,S). Thus Aut(Γ(W,S)) can be seen as a subgroup of Sk1×Sk2×· · ·×Skl. Conversely,
any permutation of Π that keeps each Ai invariant extends to an automorphism of the graph V(W,S).
This completes the proof of the lemma. 
Remark 4.2. Let α ∈ Sk1 × Sk2 × · · · × Skl be a permutation. Then α can be written as α =
α1α2 . . . αl, where αj ∈ Skj is a permutation of the set Aj for each j. The induced automorphism
α˜ of W is given on generators by
(4.1.2) α˜(wi) =
{
w1 if i = 1,
wα(i) if 2 ≤ i ≤ n
=
{
w1 if i = 1,
wαj(i) if i ∈ Aj .
Maximal finite parabolic subgroups play an important role in determining the structure of the
automorphism group of a Coxeter group. Note that the only maximal finite standard parabolic
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subgroups of W (which is clear from the graph V(W,S)) are given by
Wi = 〈w1, wi〉 ∼= D2ti ,
where 2 ≤ i ≤ n. For each integer 2 ≤ i ≤ n and 1 ≤ k < ti with gcd(k, ti) = 1, we define θ
k
i on the
generators of W as
θki (wj) =
{
wj if j 6= i,
w1(w1wi)
k if j = i.
It is easy to check that θki extends to an automorphism of W, and the set
Ci =
〈
θki | 1 ≤ k < ti, gcd(k, ti) = 1
〉
is a subgroup of Aut(W). Note that for each 2 ≤ i ≤ n,
Ci ∼= Uti ,
the multiplicative group of integers mod ti that are coprime to ti. Setting
(4.1.3) C = C2 × C3 × · · · × Cn,
we see that
(4.1.4) C ∼=
l∏
i=1
(Umi)
ki
is an abelian subgroup of Aut(W). The following result is an easy observation.
Lemma 4.3. Let θ ∈ Aut(W) be an automorphism. Then θ ∈ C if and only if θ(Wi) = Wi for
each 2 ≤ i ≤ n.
Proof. If θ ∈ C, then by construction of C, it follows that θ(Wi) = Wi for each 2 ≤ i ≤ n.
Conversely suppose that θ(Wi) =Wi for each 2 ≤ i ≤ n. Then
θ(w1) ∈
n⋂
i=2
θ(Wi) =
n⋂
i=2
Wi = 〈w1〉,
which gives θ(w1) = w1. Fix an integer 2 ≤ i ≤ n. Note that all the involutions in Wi are of the
form w1(w1wi)
k for some 1 ≤ k ≤ ti. Since automorphisms preserve orders, θ(wi) is an involution
in Wi.Thus, we have θ(wi) = w1(w1wi)
ki for some 1 ≤ ki ≤ ti. We claim that gcd(ki, ti) = 1. If
not, say gcd(ki, ti) = d > 1, then(
θ(w1wi)
)ti/d = (w1wi)ki(ti/d) = ((w1wi)ti)ki/d = 1,
which contradicts the fact that θ is an automorphism. Thus, θ =
∏n
i=2 θ
ki
i ∈ C, where each
gcd(ki, ti) = 1, and the proof is complete. 
The following general observation is useful.
Lemma 4.4. Let W ∈ T W be a Coxeter group. If w ∈W is an involution, then
CW (w) = 〈w〉.
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Proof. By Lemma 3.2, it is sufficient to prove that CW (w1) = 〈w1〉. By Lemma 2.6, CW (w1) is
a Coxeter group, in particular, generated by some involutions of W . Let 1 6= x ∈ CW (w1) be an
involution. Then we have w1x = xw1, and consequently (w1x)
2 = 1. Being involutions, both w1
and x are of odd lengths, and hence w1x is of even length. Thus, by Lemma 3.1, w1x ∈ W
′. By
Theorem 3.4, W ′ is isomorphic to a free product of cyclic subgroups of odd orders. Thus, w1x = 1,
that is, x = w1. This implies that the only involution that generates CW (w1) is w1 itself, and hence
CW (w1) = 〈w1〉. 
Lemma 4.5. Wi is not conjugate to Wj for i 6= j.
Proof. Suppose that Wi = (Wj)w for some w ∈W. Since all the involutions in Wj are conjugate to
w1, there exists x ∈Wj such that w1 = wxw1 . Then, by Lemma 4.4, we obtain xw ∈ {1, w1}, which
gives w ∈Wj. Thus, Wi =Wj, which is true if and only if i = j. 
Lemma 4.6. Let C be as in (4.1.3). Then
Inn(W) ∩ C = 〈ŵ1〉,
where ŵ1 is the inner automorphism induced by w1.
Proof. Let θ ∈ Inn(W) ∩C. Then θ = ŵ for some w ∈W. Further, θ ∈ C implies that θ(w1) = w1,
that is, ww1 = w1w. By Lemma 4.4, we have w ∈ 〈w1〉, and hence Inn(W)∩C ≤ 〈ŵ1〉. Conversely,
a direct check shows that ŵ1 =
∏n
i=2 θ
ti−1
i ∈ C ∩ Inn(W). 
In view of the preceding lemma, under the isomorphism (4.1.4), we identify ŵ1 ∈ C with −1 ∈∏l
i=1(Umi)
ki . We are now ready to prove the main theorem of this section.
Theorem 4.7. Let W be the group with presentation 4.1.1. Then
Aut(W) =
(
Inn(W)C
)
⋊Aut
(
Γ(W,S)
)
.
Proof. Let φ ∈ Aut(W). Since automorphisms preserve orders of elements, by Lemma 3.2, there
exists x ∈W such that x̂φ(w1) = w1. Note that an automorphism maps maximal finite subgroups to
maximal finite subgroups. Further, all maximal finite subgroups ofW are conjugates ofW2, . . . ,Wn.
Thus, for each 2 ≤ i ≤ n, there exist 2 ≤ α(i) ≤ n and elements xi ∈W such that x̂φ(Wi) =W
xi
α(i).
We claim that xi ∈ Wα(i). Since x̂φ(w1) = w1, we have w1 ∈ W
xi
α(i). Since Wα(i) ∈ W, by Lemma
3.2, all the involutions in Wα(i) are conjugate to w1. Thus, we have w1 = w
wxi
1 for some w ∈Wα(i).
By Lemma 4.4, we have wxi ∈ {1, w1}, which gives xi ∈ {w
−1, w−1w1} ⊂ Wα(i). Hence the claim
holds and we obtain x̂φ(Wi) =Wα(i). Since x̂φ is an automorphism, it maps distinct subgroups to
distinct subgroups, and hence α must be a permutation of {2, . . . , n}. Moreover, since x̂φ preserves
orders, we must have α ∈ Sk1 × Sk2 × · · · × Skl seen as subgroup of SΠ\{1}. Let α˜ ∈ Aut
(
Γ(W,S)
)
be the graph automorphism induced by α. Then we obtain α˜−1x̂φ(Wi) = Wi for each 2 ≤ i ≤ n.
Finally, by Lemma 4.3, α˜−1x̂φ ∈ C. Let us say α˜−1x̂φ = θ for some θ ∈ C. Now we have
φ−1 = θ−1α˜−1x̂ = (θ−1α˜−1x̂α˜θ)(θ−1α˜−1),
where (θ−1α˜−1x̂α˜θ) ∈ Inn(W). Hence, we obtain
Aut(W) = Inn(W)C Aut
(
Γ(W,S)
)
.
Since Inn(W) is normal in Aut(W), it follows that Inn(W)C is a subgroup of Aut(W). We now
claim that Inn(W)C is normal in Aut(W). For this, it is sufficient to show that γ−1Cγ ≤ C for
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all γ ∈ Aut
(
Γ(W,S)
)
. In particular, it suffices to check that γ−1Ciγ ≤ C, for all 2 ≤ i ≤ n. Let
β˜ ∈ Aut
(
Γ(W,S)
)
be induced by the permutation β of {2, 3, . . . , n} and θki ∈ Ci for some 1 ≤ k < ti
with gcd(k, ti) = 1. Computing β˜
−1θki β˜ on the generators, we get
(4.1.5) β˜−1θki β˜(wj) = β˜
−1θki
(
wβ(j)
)
=
{
wj if β(j) 6= i,
w1(w1wj)
k if β(j) = i.
Thus, β˜−1θki β˜ = θ
k
β−1(i) ∈ Cβ−1(i) ≤ C, and the claim holds.
Finally, we show that Inn(W)C ∩ Aut
(
Γ(W,S)
)
= 1. Suppose that 1 6= σ˜ = ŵθ ∈ Inn(W)C ∩
Aut
(
Γ(W,S)
)
for some σ˜ ∈ Aut
(
Γ(W,S)
)
, w ∈ W and θ ∈ C. Since σ 6= 1, there exist 2 ≤ i 6= j ≤ n
such that σ(i) = j. A simple check gives
(Wi)
w = ŵ(Wi) = σ˜θ
−1(Wi) = σ˜(Wi) =Wj ,
which contradicts Lemma 4.5. Thus, Inn(W)C ∩Aut
(
Γ(W,S)
)
= 1, and hence
Aut(W) =
(
Inn(W)C
)
⋊Aut
(
Γ(W,S)
)
.

4.2. Splitting of exact sequences of automorphism groups. Theorem 4.7 can be viewed as
splitting of the short exact sequence
1→ Inn(W)C → Aut(W)→ Aut
(
Γ(W,S)
)
→ 1.
Our next objective is to find conditions for the splitting of the natural short exact sequence
1→ Inn(W)→ Aut(W)→ Out(W)→ 1.
Lemma 4.8. Let p1, p2, . . . , pn be odd primes and k1, k2, . . . , kn positive integers. Then the short
exact sequence of groups
(4.2.1) 1→ {±1} →
n∏
i=1
U
p
ki
i
→
n∏
i=1
U
p
ki
i
/{±1} → 1
splits if and only if pj ≡ 3 mod 4 for some 1 ≤ j ≤ n.
Proof. We begin by noting that each U
p
ki
i
is cyclic group of order (pi − 1)p
ki−1
i . Each pi being an
odd prime, either pi ≡ 1 mod 4 or pi ≡ 3 mod 4. Let us assume that each pi ≡ 1 mod 4. Then 4
divides the order of U
p
ki
i
for each i. It follows from the fundamental theorem of finite abelian groups
that
∏n
i=1Upkii
cannot have a direct cyclic factor of order 2. Thus, if the short exact sequence (4.2.1)
splits, then pj ≡ 3 mod 4 for some 1 ≤ j ≤ n.
For the converse part, assume without loss of generality that p1 ≡ 3 mod 4. Then
(p1−1)p
k1−1
1
2 is
odd, and we have U
p
k1
1
= H1 × {±1}, where H1 is cyclic group of order
(p1−1)p
k1−1
1
2 . Set H =
H1 ×
∏n
i=2Upkii
. Since −1 /∈ H1, it follows that −1 /∈ H. Thus, we obtain
∏n
i=1Upkii
= H × {±1},
which is desired. 
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Lemma 4.9. Let m1,m2, . . . ,mn be odd positive integers each greater than one. Then the short
exact sequence of groups
1→ {±1} →
n∏
i=1
Umi →
n∏
i=1
Umi /{±1} → 1
splits if and only if there exist some 1 ≤ j ≤ n and a prime p ≡ 3 mod 4 such that p divides mj .
Proof. Note that if m = pt11 p
t2
2 · · · p
tk
k is the prime factorisation an integer m, then
Um ∼= Upt11
×U
p
t2
2
× · · · ×U
p
tk
k
.
The assertion now follows from this fact and Lemma 4.8. 
Lemma 4.10. The following statements are equivalent.
(1) The sequence 1→ 〈ŵ1〉 → C → C/〈ŵ1〉 → 1 splits.
(2) The sequence 1→ {±1} →
∏l
i=1(Umi)
ki →
∏l
i=1(Umi)
ki/{±1} → 1 splits.
Proof. The assertion is immediate by observing that C ∼=
∏l
i=1(Umi)
ki and 〈ŵ1〉 ∼= {±1} under this
isomorphism. 
If the short exact sequence
1→ 〈ŵ1〉 → C → C/〈ŵ1〉 → 1
splits, then we denote the complement of 〈ŵ1〉 in C by D.
Theorem 4.11. Let W be the group with presentation 4.1.1. If there exists a prime p ≡ 3 mod 4
such that p divides mi for some 1 ≤ i ≤ l, then the short exact sequence
(4.2.2) 1→ Inn(W)→ Inn(W)C → Inn(W)C/ Inn(W)→ 1
splits. Moreover,
(4.2.3) Aut(W) =
(
Inn(W)⋊D
)
⋊Aut
(
Γ(W,S)
)
.
Proof. Since p ≡ 3 mod 4 and p divides mi for some 1 ≤ i ≤ l, by Lemma 4.9 and Lemma 4.10, it
follows that the short exact sequence 1 → 〈ŵ1〉 → C → C/〈ŵ1〉 → 1 splits. As defined earlier, let
D < C be the complement of 〈ŵ1〉 in C, i.e., D ∩ 〈ŵ1〉 = 1 and C = D〈ŵ1〉. By Lemma 4.6, since
Inn(W) ∩ C = 〈ŵ1〉, it follows that Inn(W) ∩ D = 1 and Inn(W)D = Inn(W)C. This shows that
the short exact sequence (4.2.2) splits. Finally, the second assertion follows from Theorem 4.7. 
Theorem 4.12. Let W be the group with presentation 4.1.1. If there exists a prime p ≡ 3 mod 4
such that p divides mi for some 1 ≤ i ≤ l with multiplicity of mi being one, then the short exact
sequence
(4.2.4) 1→ Inn(W)→ Aut(W)→ Out(W)→ 1
splits. In particular, Out(W) ∼= D ⋊Aut
(
Γ(W,S)
)
.
Proof. Without loss of generality, we can assume that m1 is divisible by a prime p ≡ 3 mod 4 and
m1 has mutiplicity one. Then, by Lemma 4.8, it follows that {±1} is a direct summand of Um1 with
a complement, say K. Since C2 ∼= Um1 , we can write C2 = 〈θ
m1−1
2 〉 ×H, where H = 〈θ
k
2 | k ∈ K〉.
Also note that θm1−12 can be identified with ŵ1. Set D = H × C3 × C4 × · · · × Cn. Note that D
is a complement of 〈ŵ1〉 in C = C2 × C3 × · · · × Cn, i.e. D ∩ 〈ŵ1〉 = 1 and C = D〈ŵ1〉. Now, to
establish splitting of (4.2.4) it suffices to prove that
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• DAut
(
Γ(W,S)
)
is a subgroup of Aut(W),
• Inn(W) ∩DAut
(
Γ(W,S)
)
= 1,
• Aut(W) = Inn(W)DAut
(
Γ(W,S)
)
.
Let α˜ ∈ Aut
(
Γ(W,S)
)
be induced by the permutation α of {1, 2, . . . , n}. Since the exponent m1 has
multiplicity one, it follows that α must fix the vertices 1 and 2. Let θki ∈ Ci for some 1 ≤ k < ti
with gcd(k, ti) = 1. Computing α˜
−1θki α˜ on the generators as in (4.1.5), we get
α˜−1θki α˜(wj) = α˜
−1θki
(
wα(j)
)
=
{
wj if α(j) 6= i,
w1(w1wj)
k if α(j) = i.
Since α fixes 1 and 2, we have α˜−1Hα˜ = H and α˜−1Ciα˜ ≤
∏n
j=3Cj for all 3 ≤ i ≤ n. This
proves that α˜−1Dα˜ ≤ D, i.e. Aut
(
Γ(W,S)
)
normalises D, and hence DAut
(
Γ(W,S)
)
is a subgroup
of Aut(W ).
Let α be a non-trivial permutation of {2, 3, . . . , n}, i.e. α(i) = j for some i 6= j. Then α˜(Wi) =Wj.
Further, by definition of C, it follows that α˜θ(Wi) = Wj for each θ ∈ C. Recall from Lemma 4.5
thatWi is not conjugate toWj for i 6= j, and hence α˜θ /∈ Inn(W). Thus, Inn(W)∩DAut
(
Γ(W,S)
)
=
Inn(W) ∩D = 1.
The final assertion follows from the fact that Aut(W ) = Inn(W )C Aut
(
Γ(W,S)
)
and C = D〈ŵ1〉. 
5. Comparison with braid groups and twin groups
This concluding section focus on a special odd Coxeter group Ln of rank n− 1 and fixed exponent
three, which is closely related to the well-known braid group Bn and twin group Tn. Twin groups
can be thought of as planar analogues of braid groups, and have received a great deal of attention
in recent works [3, 18, 22, 25, 33, 34].
The symmetric group Sn, n ≥ 2, has a Coxeter presentation with generators {τ1, . . . , τn−1} and
defining relations
(1) τ2i = 1 for 1 ≤ i ≤ n− 1;
(2) Braid relations: τiτi+1τi = τi+1τiτi+1 for 1 ≤ i ≤ n− 2;
(3) Far commutativity relations: τiτj = τjτi for | i− j |≥ 2.
By omitting all relations of type (1), (2) or (3) at a time from the preceding presentation of Sn, we
get presentations of the braid group Bn, the twin group Tn and the group Ln as follows:
Bn =
〈
σ1, σ2, . . . , σn−1 | σjσk = σkσj , σiσi+1σi = σi+1σiσi+1 for all | j − k |≥ 2 and 1 ≤ i ≤ n− 2
〉
.
Tn =
〈
s1, s2, . . . , sn−1 | s
2
k = 1, sisj = sjsi for all 1 ≤ k ≤ n− 1 and | i− j |≥ 2
〉
.
Ln =
〈
y1, y2, . . . , yn−1 | y
2
j = 1, yiyi+1yi = yi+1yiyi+1 for all 1 ≤ j ≤ n− 1 and 1 ≤ i ≤ n− 2
〉
.
(5.0.1)
The groups Bn, Tn and Ln fit into the commutative diagram of surjections as in Figure 5, where Un
is the universal Coxeter group of rank (n− 1), Fn−1 is the free group of rank (n− 1), Rn is a right
angled Artin group with only far commutativity relations (2), and An is an Artin group with only
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braid relations (3). We compare automorphism groups, R∞-property and (co)-Hopfian property of
Bn, Tn and Ln.
Fn−1

 
Un
"" ""
❊❊
❊❊
❊❊
❊❊
||||②②
②②
②②
②②
Tn
"" ""
❊❊
❊❊
❊❊
❊❊
Ln
||||②②
②②
②②
②②
Sn
Rn
OOOO
"" ""
❊❊
❊❊
❊❊
❊❊
An
OOOO
||||②②
②②
②②
②②
Bn
OOOO
Figure 5.
5.1. Pure subgroups. There are natural surjective homomorphisms Bn → Sn and Tn → Sn.
The kernel of the former homomorphism is denoted by Pn and is called the pure braid group, and
the kernel of the latter homomorphism is denoted by PTn and is referred as the pure twin group.
Similarly, for Ln, let π : Ln → Sn be the natural surjection, i.e π(yi) = τi for all i, and let PLn
denote its kernel.
It is well-known that Pn is not a subgroup of B
′
n for n ≥ 2 and PTn is not a subgroup of T
′
n for
n ≥ 3. Further, Pn is characteristic in Bn for n ≥ 2 [10] and PTn is not characteristic in Tn for
n ≥ 4 [33, Proposition 6.11]. For PLn, we have
Proposition 5.1. The following holds:
(1) PLn is a subgroup of L
′
n for n ≥ 2.
(2) PLn is not a characteristic subgroup of Ln for n ≥ 4.
Proof. Note that PL2 = 1 = PL3. By Lemma 3.1, L
′
n is an index two subgroup of Ln. Therefore,
if PLn  L′n, then L
′
nPLn = Ln. Then π(Ln) = π(L
′
nPLn) = π(L
′
n) = An, which is a contradiction
to the surjectivity of π. Hence, PLn is a subgroup of L
′
n, which proves assertion (1).
Set xi = yiyi+1 for 1 ≤ i ≤ n − 2 and z = y2. Then, using Lemma 3.1 and Theorem 3.4, we can
write
Ln = L
′
n ⋊ 〈z〉,
where L′n = 〈x1, x2, . . . , xn−2 | x
3
i = 1 for 1 ≤ i ≤ n− 2〉. By Remark 3.5, the action of 〈z〉 on L
′
n is
given by
xz1 = x
−1
1 , x
z
2 = x
−1
2
and
xzj = x2x3 · · · xj−1x
−1
j x
−1
j−1 · · · x
−1
2 for 3 ≤ j ≤ n− 2.
Consider the map φ defined by x1 7→ x
−1
1 , xi 7→ xi for 2 ≤ i ≤ n− 2 and z 7→ z. With the preceding
presentation of Ln, it can be checked easily that φ extends to an automorphism of Ln. Now, the
18 TUSHAR KANTA NAIK AND MAHENDER SINGH
element (x1x2)
2 ∈ PLn, but φ(x1x2)
2 = (x−11 x2)
2 /∈ PLn, since π(x
−1
1 x2)
2 =
(
(23)(12)(23)(34)
)2
=
(134). Thus, PLn is not a characteristic subgroup of Ln for n ≥ 4, which is assertion (2). 
It is known that PTn is free if and only if 3 ≤ n ≤ 5 [3, 18]. On the other hand, the pure braid group
Pn is free if and only if n = 2. We need the following result of Kurosch [19, 23] for the description
of PLn.
Lemma 5.2. Let G = ∗νAν be a free product of groups and H a subgroup of G. Then H itself is a
free product, more precisely,
H = F ∗
(
∗j (x
−1
j Ujxj)
)
,
where F is a free group and each x−1j Ujxj is some conjugate of a subgroup Uj of one of the free
factors Aν of G.
Proposition 5.3. PLn is a non-abelian free group of finite rank if and only if n ≥ 4.
Proof. A direct check shows that the elements (y1y3)
2 and y2(y3y1)
2y2 of PLn do not commute, and
hence PLn is non-abelian for n ≥ 4. It follows from Theorem 3.4 that L
′
n is a free product of (n−2)
copies of the cyclic group of order three. Further, by Proposition 5.1, PLn is a subgroup of L
′
n.
Now, by Lemma 5.2, PLn is a non-abelian free group since it contains no conjugates of generators
of the cyclic groups of order three. Finally, it follows from Reidemeister-Schreier Theorem [24,
Theorem 2.6] that PLn is a non-abelian free group of finite rank. 
Since PLn is normal in Ln, there is a natural homomorphism
φn : Ln ∼= Inn(Ln)→ Aut(PLn),
obtained by restricting the inner automorphisms. By Proposition 5.3, PLn is a non-abelian free
group of finite rank for n ≥ 4. This gives a representation of Ln into the automorphism group of a
free group.
Theorem 5.4. For n ≥ 4, the map
φn : Ln → Aut(PLn)
is injective.
Proof. Note that ker(φn) = CLn(PLn). We first claim that CL′n(PLn) = 1. By Theorem 3.4, we
know that L′n is a free product of n − 2 copies of the cyclic group of order three. Thus, it follows
that for any 1 6= x ∈ L′n, CL′n(x) is either the cyclic group of order three or the infinite cyclic
group. If 1 6= y ∈ CL′n(PLn), then PLn ≤ CL′n(y), which contradicts Proposition 5.3. Now suppose
that 1 6= z ∈ CLn(PLn). Then z
2 ∈ CL′n(PLn) = 1, and hence z
2 = 1. By Lemma 4.4, we get
CLn(z) = 〈z〉. But PLn ≤ CLn(z), which is a contradiction. Hence, CLn(PLn) = 1, and the map
φn is injective. 
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5.2. Automorphism groups. The structure of the automorphism group of braid groups is well-
known [10, Theorem 19]. More precisely, for n ≥ 2,
Aut(Bn) ∼= Inn(Bn)⋊Out(Bn),
where Out(Bn) ∼= Z/2Z is generated by the automorphism given by σi 7→ σ
−1
i for all 1 ≤ i ≤ n− 1.
Similarly, a complete description of the automorphism group of twin groups is known [33, Theorem
6.1]. For n ≥ 3,
Aut(Tn) ∼= Inn(Tn)⋊Out(Tn),
where
Out(Tn) ∼=

Z2 if n = 3,
S3 if n = 4,
D8 if n ≥ 5.
By solution of the isomorphism problem for T W, the group Ln, n ≥ 2, is isomorphic to the special
case of the group W defined in (4.1.1)). More precisely,
Ln ∼=
〈
w1, w2, . . . , wn−1 | w
2
j = 1 = (w1wi)
3, 1 ≤ j ≤ n− 1, 2 ≤ i ≤ n− 1
〉
.
Note that for L2 ∼= Z/2Z and L3 ∼= S3. Setting S = {w1, w2, . . . , wn−1}, by Theorem 4.11, we have
Aut(Ln) ∼=
(
Inn(Ln)⋊D
)
⋊Aut
(
Γ(Ln,S)
)
,
where
D ∼= (U3)
n−2/{±1} ∼= (Z/2Z)n−3
and
Aut
(
Γ(Ln,S)
)
∼= Sn−2.
Thus, we obtain
Theorem 5.5. Let Ln be as defined in (5.0.1). Then
Aut(Ln) ∼=
{
L3 if n = 3,(
Ln ⋊ (Z/2Z)n−3
)
⋊ Sn−2 if n ≥ 4,
where
Out(Ln) ∼=
{
1 if n = 3
(Z/2Z)n−3 ⋊ Sn−2 if n ≥ 4.
5.3. R∞ and (co)-Hopfianity. Next, we discuss R∞-property of groups in the family T W, in
particular, groups Ln. A group G is said to have R∞-property if it has infinitely many φ-twisted
conjugacy classes for each automorphism φ of G, where two elements x, y ∈ G lie in the same
φ-twisted conjugacy class if there exists g ∈ G such that x = gyφ(g)−1. The study of R∞-property
of groups has attracted a lot of attention in recent years, see, for example, [16, 17, 30, 31]. It is
known that braid groups Bn have R∞-property for all n ≥ 3 [11]. Further, it was proved recently
in [34] that twin groups Tn also have R∞-property for all n ≥ 3.
Theorem 5.6. Let W ∈ T W be a Coxeter group admitting an odd connected Coxeter system of
rank n ≥ 3. Then W satisfy the R∞-property. In particular, Ln has the R∞-property for n ≥ 3.
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Proof. By Lemma 3.1, we have the short exact sequence 1→W ′ →W → Z/2Z→ 1. By Theorem
3.4, W ′ is a free product of finite cyclic groups. By [17, Lemma 2], a free product of non-trivial
finite groups, in particular W ′, has R∞ property. Finally, since W
′ is characteristic in W , by [26,
Lemma 2.2(ii)], it follows that R∞ property. 
Recall that a group is co-Hopfian (respectively Hopfian) if every injective (respectively surjective)
endomorphism is an automorphism. These properties are known to be closely related to R∞-
property. See, for example, [26, Lemma 2.3]. Braid groups Bn are known to be Hopfian being
residually finite [21, Chapter I, Corollary 1.22] and are not co-Hopfian for n ≥ 2 [4]. It is well-
known that Coxeter groups, in particular Tn and Ln, are Hopfian [9, Theorem C, p. 55]. The twin
groups Tn are co-Hopfian only for n = 2 [34, Theorem 4.1]. We conclude with the following result
on co-Hopfianity of the group W.
Theorem 5.7. Let W ∈ T W be a Coxeter group admitting an odd connected Coxeter system of
rank n ≥ 2. Then W is co-Hopfian. In particular, Ln is co-Hopfian for n ≥ 2.
Proof. Without loss of generality we can take W = W as defined in (4.1.1). Let φ be an injective
homomorphism of W. Then φ(w1) is an involution. By Lemma 3.2, there exists a w ∈W such that
ŵφ(w1) = w1. Setting θ = ŵφ, it now suffices to show that θ is surjective.
Let Wi = 〈w1, wi〉 for 2 ≤ i ≤ n. For each fixed i, since θ is injective, we have Wi ∼= θ(Wi). Thus,
θ(Wi) = (Wj)x for some x ∈ W and 2 ≤ j ≤ n. As in the proof of Theorem 4.7, we can show that
x ∈Wj, and hence θ(Wi) =Wj. Since θ is injective, θ(Wi1) 6= θ(Wi2) for i1 6= i2, and hence{
Wi | 2 ≤ i ≤ n
}
=
{
θ(Wi) | 2 ≤ i ≤ n
}
.
But, θ(W) ≥
〈
θ(Wi) | 2 ≤ i ≤ n
〉
=
〈
Wi | 2 ≤ i ≤ n
〉
=W, which proves that θ is surjective. 
While elements of braid groups Bn are well-known to be represented by geometric braids in the
3-space and elements of twin groups Tn can be represented by strands of line segments on the plane
[22], we do not know whether there is a similar topological interpretation of elements of Ln.
Problem 5.8. Does there exist a topological interpretation of the group Ln analogous to that of
Bn and Tn?
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